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This technical appendix describes the full derivations of the model.
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1 The Model

We consider a New-Keynesian model enriched with a financial accelerator mechanism in the
spirit of Bernanke, Gertler, and Gilchrist (1999) and imperfect substitutability between corporate
and government bonds through a quadratic cost. In this section, we describe in details the
decisions rules and the model’s steady state.

1.1 Households Sector

There is a continuum of identical households gathering a large number of workers/savers
and financial intermediaries. In the spirit of Gertler and Karadi (2011), the agents acting on
financial markets are thus incorporated within a large family. Following Christiano and Ikeda
(2013) and Christiano, Motto, and Rostagno (2014), we perfect consumption insurance among
family members. Before going to the full description of decisions of mutual funds and finan-
cial intermediairies, we start with the decisions of the workers/savers in the household, who
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consume, work, save and build raw capital, so as to maximize the discounted lifetime utility:

E0

∞

∑
t=0

βt

{
(c̃t − ψℓωw

t Xt)
1−σ − 1

1 − σ

}
, (1.1)

with c̃t = ct − hct−1. The term Xt is defined by

Xt = c̃σX
t X1−σX

t−1 , (1.2)

where β ∈ (0, 1) is the subjective discount factor, ct denotes real consumption and ℓt denotes
labor supply. Further, Et is the expectation operator conditional on the information available in
period t, σX drives the strength of the wealth effect on labor supply, ω−1

w is the Frisch elasticity
of labor supply, ψ is a normalizing constant (governs the relative disutility of labor effort) and σ

is the inverse of the risk aversion coefficient.

As mentioned above, at the end of the period, after production, households purchase existing
undepreciated capital (1 − δ) kt−1 at nominal price Qt, and combine it with investment it so as to
produce end-of-period raw capital kt following the technology:

kt = (1 − δ) kt−1 +

[
1 − κ

2

(
it

it−1
− 1
)2
]

it, (1.3)

where κ captures the presence of investment adjustment costs. Households then sell the new
stock of capital kt to portfolio managers at the same price Qt. Therefore, the representative
household acts simply as a capital producer and since she is perfectly competitive, she takes the
price of capital as given. The representative household faces the following budget constraint:

ct + it + qt (1 − δ) kt−1 +At ≤ wtℓt + qtkt +
Rt−1

πt
At−1 +

Πt

Pt
+ divt −

Tt

Pt
, (1.4)

where Pt is the price of final goods and wt ≡ Wt/Pt is the real wage rate. Let πt = (Pt/Pt−1 − 1)
denote the inflation rate and At denote real non-state contingent deposits issued to a represen-
tative mutual fund in period t, which pay back a risk-free gross nominal return, Rt+1. Finally,
households receive divt nominal profits from monopolistic intermediate good firms as well as a
net lump-sum transfer sent to / received from financial intermediaries, Πt. Let Tt denote lump-
sum taxes (or transfers if negative) provided by the government. The Lagrangian is:

Lt =
∞

∑
t=0

βt


1

1−σ

[(
ct − hct−1 − ψ (ℓt)

ωw Xt
)1−σ − 1

]
− υt

[
Xt − (ct − hct−1)

σX X1−σX
t−1

]
−λt

[
ct + it +At − wtℓt − qt

[
1 − Φ

(
it

it−1

)]
it − Rt−1

πt
At−1 − Πt

Pt
− divt +

Tt
Pt

]  ,

(1.5)
where λt and υt are the Lagrangian multipliers associated with the budget constraint (1.4) and
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the definition (1.2), respectively. The FOCs wrt At, ct, Xt, ℓt, it are

βEt

{
λt+1

Rt

πt+1

}
= λt, (1.6)

(c̃t − ψXtℓ
ωw
t )

−σ − βh
(
c̃t+1 − ψXtℓ

ωw
t+1

)−σ
+ σXυt c̃

σX−1
t X1−σX

t−1 − βhσXυt+1c̃σX−1
t+1 X1−σX

t = λt, (1.7)

υt + ψℓωw
t (c̃t − ψℓωw

t Xt)
−σ

= β (1 − σX)Et

{
υt+1c̃σX

t+1X−σX
t

}
, (1.8)

ψωwℓ
ωw−1
t Xt (c̃t − ψXtℓ

ωw
t )

−σ
= λtwt, (1.9)

q−1
t = 1 − κ

2

(
it

it−1
− 1
)2

− κ it

it−1

(
it

it−1
− 1
)
+ βκEt

{
λt+1qt+1

λtqt

(
it+1

it
− 1
)(

it+1

it

)2
}

. (1.10)

with c̃t = ct − hct−1.

1.2 Financial Frictions

Each family is composed of a large number of workers/savers and a large number of finan-
cial intermediaries. The financial sector combines competitive mutual funds who collect deposits
from savers and use them to provide financial funds to financial intermediaries. Following Chris-
tiano and Ikeda (2013), we classify financial intermediaries by their net worth, i.e. a financial in-
termediaries who possesses N > 0 units of net worth is a N-type financial intermediaries. Each
N-type financial intermediary is sub-divided in two separated branches, namely the banking and
the portfolio management branch, who make sequential and independent decisions.

1.2.1 Mutual Funds

There is a large number of identical and competitive mutual funds who collect deposits from
savers and distribute loans to financial intermediaries. Each mutual fund has a large set of
perfectly diversified loans across the N-type financial intermediaries. Therefore, even though
the representative mutual fund is imperfectly informed about the ex-post return on a particular
financial intermediary’s project, perfect diversification of its loans ensures that it does not bear
any risk at the aggregate level. The representative mutual fund receives deposits At from savers
and distributes them at the beginning of period t to type-N bankers, who commit to return them
at the end of the period with a return Rd

t+1. The competitive mutual fund then transfers deposits
back to savers with a certain gross interest rate Rt that they take as given. The mutual fund
has no other source of funds so the total amount of financial funds, transferred to the financial
intermediaries, Dt, equals the level of deposits, At. The mutual fund thus maximizes its equity
level such that:

max
Dt

Πd
t = E0

∞

∑
t=0

βt λt+1

λt

{
Rd

t+1
Dt

Pt
− RtAt

}
, s.t. dt ≡

Dt

Pt
= At, (1.11)

where the expression in brackets corresponds to the dividends of the mutual fund and βtλt+1/λt

is the stochastic discount factor of the household. As the deposit market is competitive, the de-
posit market is characterized by a zero-profit condition implying Rd

t+1 = Rt in equilibrium, and

3



the mutual fund acts as a passive entity that passes deposits from savers to financial intermedi-
aries.

1.2.2 Portfolio Decisions

At the begining of period t, the first branch of financial intermediary, i.e. the type-N banker
agrees on a debt contract with mutual funds so as to receive loans, DN,t, which are combined
with her own net worth to build a portfolio PN,t. At this stage, banker accumulates “deferred
assets” which are supplied from a competitive market at a cost 1/Rp

t+1. The portfolio experiences
an idiosyncratic shock, ε, which might lead the financial intermediary to default. Taking PN,t as
given, the portfolio manager decides on the composition of the portfolio, i.e. the share used to
purchase raw capital kN,T at real price qt to the household, the remaining share being used to
buy public bonds bN,t to the government at real price qc

t . Once the composition of the portfolio
is decided, the portfolio manager rents capital to intermediate firms at a rental rate zt, receives
the earnings from equity and bond holdings, repays the loans, and transfers part of the profits
to households while also determining its net worth for the next period. Net worth is therefore
pre-determined.

As explained by Christiano, Motto, and Rostagno (2014), the total net worth of all portfolio
managers is given by

Nt+1 =
∫ ∞

0
N ft (N)dN, (1.12)

where ft (N) is the density of portfolio managers with net worth N. Bankers maximize their
profits and benefit from perfect consumption insurance from the rest of the family.

The portfolio decisions are made in two sequential steps. First, bankers determine the total
size of their portfolios given the agency problem described above. Second, portfolio managers
take the size of portfolios as given and determine their composition by choosing weights of the
two assets, namely equity and long-term government bonds, in the portfolio.

Bankers The N-type banker combines loans DN,t received in t and due in t + 1 with net worth
N to build a financial portfolio PN,t such that

PN,t = DN,t + N, (1.13)

where the composition of PN,t is described below. Once the portfolio has been built, it experi-
ences an idiosyncratic shock, denoted by ε. As standard in the literature, we assume that ε is a
random variable, which follows a unit-mean log-normal distribution and is i.i.d. across time and
types, with a continuous and once-differentiable c.d.f., F(ε), over a non-negative support such
that

∫ ∞
0 dF(ε) = 1 and dF(ω̄t) = φ(ε)dε. Before the realization of the shock, both the mutual

fund and the banker share the same information about ε, meaning that they know its distribution
given by E(ε) = 1 and V(ε) = σε,t. Following Christiano, Motto, and Rostagno (2014), we assume
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that the variance of the idiosyncratic shock is time-varying, which can be seen as a “risk shock”,
or a “micro-uncertainty shock”. This shock captures cross-sectional dispersion of idiosyncratic
shocks to portfolio returns.

The banker drawing an idiosyncratic ε receives at the end of period t a rate of return εRp
t+1,

where Rp
t+1 is the portfolio’s return which, as we will see depends on the return of both assets

and but not on N. The representative mutual fund provides loans DN,t at rate Rd
t+1 to bankers

through a standard debt contract. We denote ε̄t+1, the of ε from which a banker goes bankrupt
such that:

Et
{

ε̄t+1Rp
t+1PN,t

}
= Et

{
Rd

t+1DN,t

}
. (1.14)

As shown in Equation (1.14), the threshold value of ε is such that the total return of project by a
N-type portfolio and hit by a shock ε̄t+1 equals the total cost of its debt. Financial intermediaries
with ε ≤ ε̄t+1 declare bankruptcy as the total return on their portfolio is not large enough to
repay their debt. To fully observe the portfolio’s realized gross payoff, the mutual fund needs
to monitor the banker at a cost proportional to this payoff and equals to µε̄t+1Rp

t+1PN,t, where
µ ∈ [0, 1] is the monitoring cost parameter. As shown by Bernanke, Gertler, and Gilchrist (1999)
or Christiano, Motto, and Rostagno (2014), the debt contract will be independent of N in equilib-
rium, so we drop the index for briefness.

If ε ≤ ε̄, the earnings of a N-type banker are zero. If ε > ε̄, the expected profit of a N-type
banker writes:

Πt+1 = Et

{∫ ∞

ε̄t+1

[
εRp

t+1PN,t − Rd
t+1DN,t

]
dF (ε)

}
, (1.15)

= Et

{
Rp

t+1PN,t

∫ ∞

ε̄t+1

[ε − ε̄t+1]dF (ε)

}
. (1.16)

Let [1 − Ft (ε̄t+1)] be the probability that a banker is hit by an idiosyncratic shock larger than
the threshold, ε̄t+1 such that

1 − F(ε̄t+1) = 1 − prob(ε ≤ ε̄t+1) =
∫ ∞

ε̄t+1

φ(ε)dε, (1.17)

and G(ε̄t+1), the expected value of the shock for defaulting bankers

G(ε̄t+1) =
∫ ε̄t+1

0
εφ(ε)dε. (1.18)

As standard in the literature, we define Γ(ε̄t+1), the share of average earnings Rp
t+1PN,t paid

to the mutual fund, such that:

Γ(ε̄t+1) = ε̄t+1

∫ ∞

ε̄t+1

φ(ε)dε +
∫ ε̄t+1

0
εφ(ε)dε, (1.19)

= ε̄t+1 [1 − F(ε̄t+1)] + G(ε̄t+1).
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Using definitions of Γ(ε̄t+1) in Equation (1.19), we can rewrite the profit’s expression (1.16)
as:

Πt+1 = Et
{

Rp
t+1PN,t [1 − Γ(ε̄t+1)]

}
. (1.20)

The participation constraint of the mutual funds is:

Et
{
[Γ(ε̄t+1)− µG(ε̄t+1)] Rp

t+1PN,t
}︸                                               ︷︷                                               ︸

mutual fund’s earnings

≥ Rt (PN,t − N)︸              ︷︷              ︸
funds paid to savers

. (1.21)

We denote xN,t ≡ PN,t/N as the individual leverage ratio and r̆t ≡ Rp
t+1/Rt. The optimal

contract consists in choosing x and ε̄ in order to maximize type−N banker’s expected returns
with respect to the participation constraint of the private intermediary. For briefness, we drop
type sub-indexes. The banker maximizes its expected profit (1.20) subject to the mutual fund’s
participation constraint and gives back all profits to the rest of the family in exchange for perfect
consumption insurance. The optimization problem is:

max
xt,ε̄t+1

Et {[1 − Γ(ε̄t+1)] řtxN,t} , (1.22)

subject to:
Et {[Γ(ε̄t+1)− µG(ε̄t+1)] řtxN,t} ≥ (xN,t − 1) . (1.23)

The FOCs are with respect to xt, ε̄t+1 and Λt are respectively:

Et {[1 − Γ(ε̄t+1) + Λt [Γ(ε̄t+1)− µG(ε̄t+1)]] řt} = Et {Λt} , (1.24)

Et {řtxN,t [−Γε(ε̄t+1) + Λt (Γε(ε̄t+1)− µGε(ε̄t+1))]} = 0, (1.25)

Et {[Γ(ε̄t+1)− µG(ε̄t+1)] řtxN,t} = (xN,t − 1) . (1.26)

where Λt is the Lagrangian multiplier and Γε(·) and Gε(·) denote the derivative of Γ(·) and G(·)
w.r.t. ε̄. Combining the FOCs (1.24) and (1.25) yields:

Et

{
řt [1 − Γ(ε̄t+1)] +

Γε(ε̄t+1)

[Γε(ε̄t+1)− µGε(ε̄t+1)]
[řt [Γ(ε̄t+1)− µG(ε̄t+1)]− 1]

}
= 0.

Plugging the FOC (1.26) in the previous equation yields

řt =
1

xN,t

[
[1 − Γ(ε̄t+1)]

[
1 − µ

Gε(ε̄t+1)

Γε(ε̄t+1)

]]−1

. (1.27)

Portfolio composition Once the size of the portfolio has been determined by the debt contract
described above, the second branch of financial intermediaries, namely the portfolio manager,
takes PN,t as given and decides on the amount of securities from households and from the
government she wants to purchase. A type-N portfolio PN,t is made of raw capital kN,t purchased
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from the household and government bonds bN,t:

PN,t = QtkN,t + Qc
t bN,t, (1.28)

where Qt and Qc
t are the nominal market prices of one unit of capital and one bond, respectively.

In real terms, we have that
pt = qtkN,t + qc

t bN,t, (1.29)

where pN,t ≡ PN,t/Pt, qt = Qt/Pt, and qc
t = Qc

t /Pt. Let ωN,t denote the share of capital in the
portfolio and 1 − ωN,t the share of government bonds, so that:

ωN,t =
QtkN,t

PN,t
, (1.30)

1 − ωN,t =
Qc

t bN,t

PN,t
. (1.31)

The total gross return on the portfolio bought in period t and redeemed in period t + 1 is
denoted by Rp

t+1PN,t, and is defined as:

Rp
t+1PN,t

πt+1
≡

Rk
t+1

πt+1
QtkN,t +

Rb
t+1

πt+1
Qc

t bN,t −
ϖ

2
(ωN,t − ω)2 PN,t

πt+1
, (1.32)

where ϖ ≥ 0 is a portfolio adjustment cost. Let denote rk
t ≡ Rk

t /πt and rb
t ≡ Rb

t /πt denote the
real returns on equity and government bonds, respectively. Dividing the above Equation (1.32)
by PN,t/πt+1, we obtain the definition of the returns on the portfolio:

rp
t+1 ≡ rk

t+1
QtkN,t

PN,t
+ rb

t+1
Qc

t bN,t

PN,t
− ϖ

2
(ωN,t − ω)2 , (1.33)

= ωN,trk
t+1 + (1 − ωN,t) rb

t+1 −
ϖ

2
(ωN,t − ω)2 . (1.34)

An N-type portfolio manager chooses the weight ωN,t to maximize the expected flow of portfolio
returns that are kept after reimbursement of the loans:

max
ωN,t

Et

{
β

λt+1

λt
[1 − Γ(ε̄t+1)]

[
rk

t+1ωN,t + rb
t+1(1 − ωN,t)−

ϖ

2
(ωN,t − ω)2

]
PN,t

}
. (1.35)

The FOC is:

Et

{
β

λt+1

λt

[
rk

t+1 − rb
t+1 − ϖ (ωt − ω)

]
[1 − Γ(ε̄t+1)]Pt

}
= 0. (1.36)

1.2.3 Net Worth

The aggregate portfolio is given by

Pt =
∫ ∞

0
PN,t ft (N)dN = PN,t. (1.37)
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In addition, aggregate expected profits are obtained by integration of (1.20) over N, which gives

Et

{
[1 − Γ(ε̄t+1)] řt

∫ ∞

0

PN,t

N
ft (N)dN

}
= Et

{
[1 − Γ(ε̄t+1)] řt

PN,t

Nt+1

}
. (1.38)

After the banker has chosen the size of the portfolio, after the portfolio manager has chosen its
composition and after the mutual fund has been reimbursed at the end of date t + 1, an ex-
ogenous fraction 1 − γ of the financial intermediary’s assets are transferred to workers/savers.
Therefore, the higher the net worth of financial intermediaries, the higher the wealth of the
family. The complementary fraction γ remains in the hands of the financial intermediary to
build portfolios along with deposits in the next period. In addition, each financial intermediary
receives a transfer We

t = χwtℓt from the savers/workers that is proportional to their labor income.

The nominal aggregate net worth at the end of period t, Nt, is given by:

Nt = γVt + We
t , (1.39)

and Vt is aggregate equity from portfolio holdings in period t, such that:

Vt = [1 − Γ(ε̄t)] Rp
t Pt−1. (1.40)

1.2.4 Returns on capital and government bonds

The gross real rate of the returns on capital equals to:

rk
t ≡

zt + (1 − δ)qt

qt−1
, (1.41)

where δ is the capital depreciation rate. The gross real one-period return on a bond is defined as
follows;

rb
t =

1 + ρqc
t

qc
t−1

. (1.42)

1.3 Goods Sector

We now describe the production sector, composed of final goods producers and intermediate
goods producers.

1.3.1 Final Good Producers

The final good yt, used for consumption and investment, is produced in a competitive market
by combining a continuum of intermediate goods indexed by j ∈ [0, 1], via the CES production
function:

yt =

(∫ 1

0
y

θp−1
θp

j,t dj

) θp
θp−1

, (1.43)
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where yj,t denotes the overall demand for an intermediate good j and θp is the elasticity of
demand for an intermediate good. The maximization of profits yields typical demand functions:

yj,t =

(
Pj,t

Pt

)−θp

yt, (1.44)

with

Pt =

(∫ 1

0
P1−θp

j,t dj
) 1

1−θp

, (1.45)

where Pj,t denotes the price of an intermediate good produced by firm j.

1.3.2 Intermediate Good Producers

Production Function Type-j intermediate good is produced with the following constant returns
to scale technology:

yj,t = atℓ
1−α
j,t kα

j,t−1, (1.46)

where at is a measure of TFP, defined below. Let S
(
yj,t
)

denote the total real cost of producing
yj,t units of good j:

S
(
yj,t
)
= wtℓj,t + ztk j,t−1, (1.47)

Each monopolistic firm chooses capital and labor services to minimize S
(
yj,t
)

subject to the
production function (1.46), taking wt and zt as given. Accordingly, labor and capital demands
are:

wt = st(1 − α)
yt

ℓh
j,t

, (1.48)

zt = stα
yt

k j,t−1
. (1.49)

where st ≡ ∂S (·) /∂yj,t is the real marginal cost.

Price Setting At each point in time, type-j monopolistic firm maximizes its profit taking into
account a quadratic adjustment cost it faces:

max
pj,t

Et

∞

∑
k=0

βk λt+k

λt+k−1

{
Pj,t+k

Pt+k
yj,t+k − S

(
yj,t+k

)
−

κp

2

(
Pj,t+k

Pj,t+k−1
− 1
)2

yj,t+k,

}

subject to yj,t =
(

Pj,t
Pt

)−θp
yt. Paramater κp > 0 measures the degree of price rigidity. The FOC

gives the New Keynesian Phillips Curve in the symmetric equilibrium

1 − κp (πt − 1)πt + κpβEt

{
λt+1

λt
(πt+1 − 1)πt+1

yt+1

yt

}
= θp (1 − st) . (1.50)
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1.4 Government and Central Bank

1.4.1 Fiscal Policy

The budget constraint of the government is given by:

qc
t bt + Tt = (1 + ρqc

t) bt−1 + gt, (1.51)

where tt ≡ Tt /Pt is the real amount of lump-sum taxes. Since from (1.42), we have rb
t qc

t−1 =

1 + ρqc
t , the constraint can be expressed as:

qc
t bt + Tt = rb

t qc
t−1bt−1 + gt, (1.52)

where gt denotes public spending which follows an exogenous process to be defined below.
Further, lump-sum taxes evolve according to the following feedback rule:

log (tt/t) = ϕb log (bt−1/b) + ϕy log (yt−1/y) (1.53)

1.4.2 Monetary Policy

We assume that the central bank follows a standard Taylor rule:

log
(

Rt

R

)
= ρR log

(
Rt−1

R

)
+ (1 − ρR)

[
ϕπ log

(πt

π

)
+ ϕy

(
yt

yt−1

)]
, (1.54)

where ρR ∈ (0, 1) is a smoothing parameter, ϕπ is the elasticity of Rt with respect to inflation
deviations and ϕy the elasticity with respect to output growth.

1.5 Resource Constraint

We derive the resource constraint starting with the household’s budget constraint (1.4):

ct + it + qt (1 − δ) kt−1 +At = wtℓt + qtkt + rt−1At−1 +
Πt

Pt
+ divt −

Tt

Pt
, (1.55)

where lump-sum transfers to households and dividends are defined by:

Πt

Pt
= (1 − γ)vt − χwtℓt and divt = yt − wtℓt − ztkt−1 −

κp

2
(πt − 1)2 yt. (1.56)

Plugging (1.56) into (1.55) yields:

ct + it + qt (1 − δ) kt−1 +At = wtℓt + qtkt + rt−1At−1 +(1−γ)vt −χwtℓt + yt −wtℓt − ztkt−1 −
κp

2
(πt − 1)2 yt −

Tt

Pt
.

(1.57)
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Using the net worth expression in real terms (1.39) nt − χwtℓt = γvt, yields:

ct + it + qt (1 − δ) kt−1 +At = qtkt +
Rt−1

πt
At−1 + vt − nt + yt − ztkt−1 −

κp

2
(πt − 1)2 yt −

Tt

Pt
.

(1.58)
The value of a firm (1.40) yields:

vt = [1 − Γ(ε̄t)] rp
t pt−1. (1.59)

Plugging (1.11) and (1.59) into (1.57):

ct + it +[qt (1 − δ) + zt] kt−1 +(dt + nt)︸       ︷︷       ︸
pt

= qtkt + rt−1dt−1 +[1 − Γ(ε̄t)] rp
t pt−1 + yt −

κp

2
(πt − 1)2 yt −

Tt

Pt
.

(1.60)
Using the portfolio decomposition (1.29), pt = qtkt + qc

t bt:

ct + it + [qt (1 − δ) + zt] kt−1 + qc
t bt = rt−1dt−1 + [1 − Γ(ε̄t)] rp

t pt−1 + yt −
κp

2
(πt − 1)2 yt −

Tt

Pt
.

(1.61)
Using the expression for the real return of capital (1.41):

ct + it + qc
t bt = yt + rt−1dt−1 + [1 − Γ(ε̄t)] rp

t pt−1 − rk
t qt−1kt−1 −

κp

2
(πt − 1)2 yt −

Tt

Pt
. (1.62)

Finally, plugging the portfolio return (1.34) yields:

ct + it + qc
t bt = yt + rt−1dt−1 + [1 − Γ(ε̄t)]

[
rk

t qt−1kt−1 + rb
t qc

t−1bt−1 −
ϖ

2
(ωt−1 − ω)2 pt−1

πt

]
− rk

t qt−1kt−1 −
κp

2
(πt − 1)2 yt −

Tt

Pt
,

which simplifies to

ct + it + qc
t bt − rb

t qc
t−1bt−1 = yt + rt−1dt−1 −

ϖ

2
(ωt−1 − ω)2 pt−1

πt
−Γ(ε̄t)r

p
t pt−1 −

κp

2
(πt − 1)2 yt −

Tt

Pt
.

(1.63)
Using the government budget constraint (1.51) that we plug into the resource constraint:

yt = ct + it +(1 + ρqc
t) bt−1 + gt − rb

t qc
t−1bt−1 +

ϖ

2
(ωt−1 − ω)2 pt−1

πt
− rt−1dt−1 +Γ(ε̄t)r

p
t pt−1 +

κp

2
(πt − 1)2 yt.

(1.64)
Since from (1.42) rb

t qc
t−1 = 1 + ρqc

t , and plugging (1.13) with (1.21), we finally get the resource
constraint:

yt = ct + it + gt +
ϖ

2
(ωt−1 − ω)2 pt−1

πt
+ µG(ε̄t)r

p
t pt−1 +

κp

2
(πt − 1)2 yt. (1.65)
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1.6 Shocks

The public spending and the TFP shocks follow an AR(1) process enriched with time-varying
volatility such that:

log(xt) = (1 − ρx) log(x) + ρxxt−1 + exp(σx
t )ε

x
t , (1.66)

σx
t = (1 − ρσx) σx + ρσx σx

t−1 + ησx εσx
t , (1.67)

where xt = {gt, at}, and εx
t ∼ N(0, 1), εσx

t ∼ N(0, 1). We also consider a risk shock à la Christiano
et al. (2014) by allowing the variance of idiosyncratic shocks, σε,t, to vary over time. εt is log-
normally distributed such that ε ∼ log N(0, σ2

ε,t) and therefore, log(ε) is normally distributed so
that we have log(ε) ∼ N(µε, ξ2

t ) where ξ2
t = log(1 + σ2

ε,t). We assume that:

ξt = ρξξt−1 + exp(σξ)εξ
t , (1.68)

where εx
t ∼ N(0, 1).

1.7 Model’s Steady State

Normalization We assume a zero steady-state inflation rate, π = 1 and we normalize a so
that y = 1.

Interest Rates From Equation (1.6), we the real risk-free interest rate is given by r = β−1,
while using the definition of r̆t, we get the portfolio interest rate Rp = řβ−1 as soon as π = 1.
Finally, plugging Equations (1.42)-(1.36) into (1.34) yields:

qc = (Rb − ρ)−1, Rk = Rb and Rp = Rb. (1.69)

Production Sector From Equation (1.50), s =
(
θp − 1

)
/θp. Further, q = 1. From Equation

(1.41), we get:
z = q[rk − (1 − δ)]. (1.70)

Equations (1.3) and (1.49) implies that i/k = δ and y/k = z/sα. Also, from Equations (1.48),
we deduce:

w
y
= s(1 − α)

1
ℓ

, (1.71)

where the value of ℓ is set exogenously, imposed by our calibration.

Household Sector The dynamics of Xt from (1.2) gives

X = (1 − h)c, (1.72)
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Further, defining A = [(1 − h)c (1 − ψℓωw
t )]

−σ, we get from (1.7) and (1.8):

λ = (A + σXυ) , (1.73)

υ =
ψℓωw A

β (1 − σX)− 1
. (1.74)

Plugging (1.74) into (1.73) yields:

λ = A
(

1 +
σXψℓωw

β (1 − σX)− 1

)
. (1.75)

Plugging into (1.9) finally yields:

ψ =
(1 − βh)w

ℓωw

[
ωwX
ℓ + σX(1−βh)w

1−β(1−σX)

] . (1.76)

Portofolio Composition We deduce the portfolio composition from Equations (1.29)-(1.34):

p

y
= q

k
y
+ qc b

y
. (1.77)

ω = 1 − qcb
p

(1.78)

k
p
= ω (1.79)

Financial Frictions The steady-state of optimal contract equations yields:

ř (1 − Γ(ε̄) + Λ [Γ(ε̄)− µG(ε̄)]) = Λ, (1.80)
Γω(ε̄)

Γω(ε̄)− µGω(ε̄)
= Λ, (1.81)

Γ(ε̄)− µG(ε̄) =
x − 1

r̆x
. (1.82)

We choose ε̄, σε, γ, and µ in order to match the following moments: (i) an annually rate of
business failure of 3 per cent annually, or F(ε̄) = 0.03/4 in quarterly terms; (ii) a annual spread
of 150 basis points or ř = 1.0150.25, and (iii) a leverage ratio of x ≡ p/n = 6. In “funx3.m”, we
use the Matlab command fsolve to pick up these values.

Rest of the Steady State The value of a firm is given by Equation (1.40), v = [1 − Γ(ε̄)] Rpp,
which implies, using Equation (1.65):

c
y
= 1 − g

y
− i

y
− p

y
[RpµG(ε̄)] . (1.83)
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The government budget constraint writes:

T
y
=
(

Rb − 1
)

qc b
y
+

g
y

, (1.84)

with wℓh

y = Π(1−α)

θp/(θp−1)
, we

y = (1−Π)(1−α)

θp/(θp−1)
, zk

y = sα. Finally, the definitions of the leverage ratio and

the financial intermediaries’ balance sheet imply x = p/n and d/n = x − 1.

2 A Simplified Two-Asset Model

Model Description We now develop a two-asset model in which we abstract from the financial
accelerator mechanism to show that the wedge between the returns on the two assets is indepen-
dent from this assumption. Absent financial frictions, the portfolio decisions are made directly
by the representative household, while the mutual fund and the portfolio managers are removed
from the structure of the model. We simplify the model as much as possible and thus also
abstract from investment adjustment costs. There is a continuum of identical households who
consume, work and save so as to maximize their flow of expected utility given by Expression
(1.1). With zero investment adjustment cost, the law of motion of capital (1.3) becomes:

kt = (1 − δ) kt−1 + it, (2.1)

and the budget constraint (1.4) becomes:

ct + qtkt + qc
t bt︸         ︷︷         ︸

pt

≤ wtℓ
h
t + ztkt−1 + qt (1 − δ) kt−1 + (1 + ρqc

t) bt−1 −
ϖ

2
(ωt−1 − ω̄)2

pt−1︸                                                                                     ︷︷                                                                                     ︸
rp

t pt−1

+ divt −
Tt

Pt
.

(2.2)
Savings of the representative household are invested in two assets which are stored in a “port-

folio”. Precisely, at time t, the representative household buys firm’s equity kt at real price qt and
public bonds bt at real price qc

t . Thus, her portfolio of assets at time t corresponds to the sum
of the newly acquired assets pt ≡ qtkt + qc

t bt. In the same period, the representative household
earns the return from renting the pas capital stock at a real rental rate zt. She also receives the de-
preciated equity claims (1 − δ) kt−1, valued at a price qt. Finally, public bonds purchased in t − 1
at price qc

t−1 provide a return Rb
t . The representative household pays a quadratic adjustment cost

whenever the capital share in her portfolio in t − 1, ωt ≡ qtkt
qtkt+qc

t bt
, deviates from its steady-state

value.
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The Lagrangian writes:

Lt =
∞

∑
t=0

βt



1
1−σ

[(
c̃ − ψ (ℓt)

ωw Xt
)1−σ − 1

]
− υt

[
Xt − c̃σX X1−σX

t−1

]
−λt


ct + qc

t bt + qtkt − (1 − δ) qtkt−1 − wtℓt

−ztkt−1 − (1 + ρqc
t) bt−1 +

ϖ
2

(
qt−1kt−1

qt−1kt−1+qc
t−1bt−1

− ω̄
)2 (

qt−1kt−1 + qc
t−1bt−1

)
−Πt

Pt
− divt +

Tt
Pt




,

(2.3)
and the portfolio composition is determined by the FOCs wrt to kt and bt, which are:

λt = βEtλt+1

{
zt+1 + (1 − δ) qt+1

qt
− ϖ (ωt − ω)− ϖ (ωt − ω)

[
(ωt − ω)

2
− ωt

]}
, (2.4)

λt = βEtλt+1

{
1 + ρqc

t+1

qc
t

− ϖ (ωt − ω)

[
(ωt − ω)

2
− ωt

]}
. (2.5)

Let us define rk
t+1 ≡ [zt+1+(1−δ)qt+1]

qt
as the real return on capital, which corresponds to the real

rental rate of capital zt, augmented by the depreciation rate of capital, and rb
t+1 =

1+ρqc
t

qc
t−1

as the
real return on bonds.

Pricing Equation Notice that we can rewrite Equation (2.4) and (2.5)

Et

{
β

λt+1

λt

[
rk

t+1 − ϖ (ωt − ω) +
ϖ

2
(
ω2

t − ω2)]} = 1, (2.6)

Et

{
β

λt+1

λt

[
rb

t+1 +
ϖ

2
(
ω2

t − ω2)]} = 1, (2.7)

where the expression Mt,t+1 ≡ βλt+1/λt corresponds to the stochastic discount factor.

In order to show the intuitions, let’s apply the risk-adjusted log-linearization of the model, in
the spirit of Bianchi et al. (2022). Precisely, assuming that variables in levels follow a log-normal
distribution and applying a first-order approximation yields that Equation (2.6) becomes

log
(

Et

{
Mt,t+1

[
rk

t+1 − ϖ (ωt − ω) +
ϖ

2
(
ω2

t − ω2)]}) = 0. (2.8)

Remark. If Xt is conditionally lognormally distributed, it has the convenient property

log (Et {Xt}) = Et {log (Xt)}+
1
2

V {log (Xt)} , (2.9)

where V {log (Xt)} is the variance of log (Xt).
■

In the absence of portfolio frictions ϖ = 0, Equation (2.8) becomes

Et

{
log
(

Mt,t+1rk
t+1

)}
+

1
2

V
{

log(Mt,t+1rk
t+1)

}
= 0. (2.10)
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Let denote x̃ = log (x̃), such that

Et
{

M̃t,t+1
}
+ Et

{
r̃k

t+1

}
+

1
2

V
{

M̃t,t+1 + r̃k
t+1

}
= 0. (2.11)

Using the property V {Xt + Yt} = V {Xt}+ V {Yt}+ 2cov {Xt, Yt}, where cov {Xt, Yt} is the co-
variance between Xt and Yt, this gives

Et

{
r̃k

t+1

}
= −Et

{
M̃t,t+1

}
− 1

2
V
{

M̃t,t+1
}
− 1

2
V
{

r̃k
t+1

}
− cov

{
M̃t,t+1, rk

t+1

}
. (2.12)

Notice that Et
{

M̃t,t+1
}

captures the consumption smoothing motive and V
{

M̃t,t+1
}

captures the
precautionary saving motive.

We now applies the same formula in presence of portfolio frictions ϖ > 0. Equation (2.8) is

Et{Mt,t+1

[
rk

t+1 − ϖ (ωt − ω) +
ϖ

2
(
ω2

t − ω2)]︸                                                ︷︷                                                ︸
rk

t+1(ωt)

} = 1, (2.13)

where rk
t+1 (ωt) is the return of equity which internalizes the portfolio frictions. Therefore, Equa-

tion (2.12) become

Et

{
r̃k

t+1 (ωt)
}
= −Et

{
M̃t,t+1

}
− 1

2
V
{

M̃t,t+1
}
− 1

2
V
{

r̃k
t+1 (ωt)

}
− cov

{
M̃t,t+1, rk

t+1 (ωt)
}

.
(2.14)
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